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Abstract—Plastic deformation affects the hysteretic magnetic
properties of steels because it changes the dislocation density,
which affects domain-wall movement and pinning, and also because it places the specimen under residual strain. An earlier paper
proposed a model for computing hysteresis loops on the basis of
the effect of grain size and dislocation density . In that paper,
hysteresis loops were compared that all had the same maximum
flux density max . The result was that coercivity
exhibited
1 2
. The
a linear relationship with inverse grain size (1 ) and
same was true of hysteresis loss
. If one compared hysteresis
loops all with the same max , these linear dependences were only
approximately found. Because the relationships are simpler for
loops of constant max , core loss experimenters compare loops
that all have the same max . In this paper, we modify the model
to study the effect of plastic tensile deformation on hysteresis
loops with the same max . We found linear relationships between
and residual plastic strain
and between
and . With
increasing residual tensile strain,
increases (whereas with increasing elastic tensile strain,
decreases). Also, with increasing
residual tensile strain, the slope of the hysteresis loop decreases
(whereas with increasing elastic tensile strain, the slope increases).
We also consider the effect of compressive plastic deformation.
Index Terms—Hysteresis modeling, magnetic materials, microstructural effects, plastic deformation.

I. INTRODUCTION

I

N STEEL, two important microstructural features that affect magnetic hysteresis are: 1) grain size (i.e., average grain
diameter ) and 2) dislocation density . Since domain walls
tend to pin at grain boundaries, the pinning of domain-wall motion increases with increasing total grain boundary length as
reflects amount and
grain size decreases. Since coercivity
strength of pinning, we expect
to increase as decreases.
Similarly, as dislocation density increases, dislocations begin
to get entangled, forming strong pinning centers for domain
walls [1], so impeding domain-wall motion. Thus, as
increases, so also does . In previous modeling work [2], [3] and
varies proin experimental papers [4], [5], it was shown that
portionally to
and
, where and are constants.
A similar relationship was also generally found for hysteresis
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Fig. 1. The left part of the diagram shows a case of small plastic tensile
deformation " after yield. The specimen deforms elastically and linearly up to
yield stress  and then deforms plastically to strain " , after which the stress
is relaxed to zero and the strain returns elastically to a residual strain " . Note
 ). The right part shows a
that parameter f , used later, is f =  =(
larger plastic deformation, labeled by subscript 2.

0

loss
[2], [3], [6], [7]. These relationships continue to persist under plastic deformation.
Because many new dislocations are produced under plastic
deformation, the dislocation density increases and the coercivity
and hysteresis loss
therefore also increase. The
effect of this is to displace the hysteresis loop to higher and
thus to decrease the slope of the hysteresis loop.
A residual deformation remains after the applied stress is
removed. We deduce in this paper that with increasing residual
tensile strain,
increases (whereas with increasing elastic tensile strain,
decreases [8]). Also, with increasing residual tensile strain, the slope of the hysteresis loop decreases (whereas
with increasing elastic tensile strain, the slope increases [8], [9]).
Thus, the residual strain effect on the magnetic properties is just
opposite to the elastic strain effect in the case of tensile deformation. This effect is seen experimentally as well [1]. Compressive
plastic deformation is also discussed.
It should be noted that a hysteresis model has not been fully
formulated to date that includes the effect of plastic deformation, so this paper can be viewed as a first attempt. It is expected
that further modification of the hysteresis model might be necessary at a later date. Here, we attempt to deal with what we
consider to be the chief effects of the plastic deformation.
II. DEFORMATION MODEL
Fig. 1 shows the deformation model [10] that we will use
for tensile deformation. The plot shows applied stress plotted
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Fig. 2. Hysteresis loops for different strain-hardening stress fractions f . For each f , there are five loops shown for different values of " . All loops are constrained
to have the same maximum flux density. All are for tensile deformation.

against deformation
. It is seen that, starting
from zero applied stress, the deformation is increased linearly
as stress is increased. Once the yield stress is reached and applied stress continues to be increased, the deformation increases
nonlinearly from until some final deformation is reached.
we shall call , the plastic deformation
The deformation
after yield. At this deformation, the applied stress has reached a
, is known as the strain hardvalue . The difference,
[11]. (Another name sometimes used is the flow
ening stress
is that part of the stress that
stress, hence subscript [12].)
is producing plastic deformation. Note that the strain hardening
is some fraction of the total stress after yield (namely
stress
), if the initial deformation continued on as an elastic de. Note, too, that
formation. In other words,
.
A return path appears in Fig. 1, as indicated by the slanted
path downward from point . If, from , the applied stress is
now decreased back to zero, the deformation will decrease linearly, but will not come back to zero when the applied stress becomes zero. A residual deformation will remain in the specimen as a result of the plastic deformation process. The linear
decrease in on the return is indicative of an elastic process.
Note that in Fig. 1, the return path is parallel to the original
elastic path when applied stress was increased. This is a good
is not too
representation of what happens if deformation
large. If the is made large enough, then Young’s modulus

can be changed by the deformation, and the slope of the return
path will change in that case. In our model in Fig. 1,
for the first return path, but is different for the second return
path after larger deformation. In our case, we shall take the return path as having the same slope as the initial elastic path, in
which case it can be seen from the diagram that

(1)

The strain hardening stress is directly related to the dislocation density, and we have the relationship [11]

(2)
where
is the initial dislocation density prior to plastic deformation, is the specimen shear modulus as given by
, [11] is the appropriate Burgers vector magnitude for the specimen’s dislocations, is Poisson’s ratio, and
is a constant which [11] gives as 0.76. Note that
cannot
be negative, and so the dislocation density is monotonically increasing regardless of whether the plastic deformation is tensile
or compressive, as must physically be the case.

Fig. 3. Four plots, namely (a) H versus " , (b) W
in Fig. 2.

Fig. 4.
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versus " , (c) 

Plots of (a) H versus residual stress  and (b) W

versus " , and (d) B versus " , all for tensile " and same maximum flux density as

versus  , evaluated from loops of the same maximum flux density and for tensile deformation.

III. MAGNETIC MODEL

(4)

We start by referring to the basic hysteresis model of Jiles and
Atherton [13], which has been modified to include the effect of
stress by Sablik and Jiles [9].
In the Jiles–Atherton model [9], [13], the total magnetization
is the sum of a reversible
and an irreversible
component. These components are given by
(3)

Here,

is the anhysteretic magnetization, given as

(5)

Fig. 5.
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Various initial magnetization curves (B versus H ) up to B

for specific f and various " and for tensile deformation.

where
is the so-called Langevin function,
is the effective magnetic field in the material, i.e., [9]
and
(6)

, , , , and are all parameters
The five parameters
or
, depending on
of the material. The parameter is
whether
is increasing or decreasing. In the last term in (6),
is the stress acting,
is the permeability of free space, and
is the magnetostriction in the thermodynamic equilibrium state known as the anhysteretic. The last factor in (6) represents the derivative of the anhysteretic magnetostriction with
respect to the magnetization in the anhysteretic state. Equation
(4) can be reexpressed as a differential equation for
[9], [13]. It is seen that the equations have to be solved self-consistently in numerical fashion.
Since mathematically controls the amount of hysteresis that
is present, it is proportional to the coercivity and hence has the
same dependences as the coercivity. Thus, we write [2]
(7)

and

For

and

m , we choose

so that

(8)

m and
A choice that satisfies this is
m. Other choices for
and
also satisfy (8).
We find that various choices for
and
correlate with the
amount of spread in the hysteresis behavior due to variation of
grain size and dislocation density. Note that when and satand
), then
. The 20
isfy (8) (i.e., when
m choice for grain size
represents a typical grain size that
m rephas been investigated. The choice of
resents a dislocation density quoted by papers on plastic deformation as a typical value for dislocation density in undeformed
steel [14], [15] Other papers [2], [16] have quoted values of the
order 10 m , and such values were used in [2] and [17]. Because the range of used here in the absence of plastic deforand
are
mation is now of order 10 m , the values of
altered to accommodate this range.
Scaling constant is proportional to domain density in the demagnetized state [9], which is determined by pinning site density, which is in turn proportional [13] to pinning constant .

Fig. 6.

Thus,
hence
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Hysteresis loops for specimens, which have undergone compressive plastic deformation, for cases of different f and different " .

has the same dependence on

and

that

has, and

material, all the other elastic parameters discussed in Section II
can be computed.

(9)

We have actually showed mathematically [3] in an isotropic
nontextured material that is directly proportional to
and
and
in the same way as
hence . Thus, if we define
and
, using (9) for
and
, then we can set
and
and determine .
Under plastic deformation, we use (2) to compute the disfrom which the constants and are then
location density
computed. In the relaxed state after deformation, where there is
no applied stress, there is still a residual strain . This means
that there is an additional contribution to the magnetostrictive
term in (6), which really devolves from the plastically modified
magnetostrain energy. We represent this additional contribution
to the external stress in the
by adding a “residual stress”
. When the external stress is
last term in (6), where
zero, the residual stress is substituted for the applied stress in
(6), and the material in the specimen will be responsive magnetically to this “residual stress.” Thus, the two additional contributions owing to plastic deformation are: i) the modified dislocation density arising from the strain hardening stress in (2)
and ii) the contribution of the residual stress.
, , and either or .
Our new input parameters are ,
From these and from Young’s modulus as a constant of the

IV. RESULTS FOR TENSILE DEFORMATION

In the following analysis, we have restricted grain size to
, the
10 m. For hysteresis loops all of the same
was chosen by first testing to find the loop that reaches
at the largest
and then using its
to set the
for
constant for all the
the rest of the loops. By keeping
hysteresis loops, we end up with loops of widely varying
and . In particular, we
shape and breadth, as we vary
set
and
, and we set
and
. The values for and
were
chosen arbitrarily, and in some steels, could be somewhat
larger. For a particular hysteresis loop, to ensure it ends at
, one increments in smaller and smaller increments as
is neared. Here, we have
,
A/m,
A/m,
where is related to
via (30) in [9], and
A/m. Both Young’s
modulus
and Poisson’s ratio
can be computed from
and
, [8], [9], which are taken as
elastic constants
N/m and
N/m . We
also have
m. For
and
, we have used
the values given just below (6). The parameters are chosen for
hard magnetic material.
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Fig. 7. Various initial magnetization curves (B versus H ) up to B

for specific f and various " , in this case for compressive deformation.

From the various hysteresis loops, we obtain the magnetic
properties of coercive field
, relative permeability
at field
, remanent flux density
, and hysfor each loop. In addition to hysteresis loops,
teresis loss
we also obtain the various initial magnetization curves for pa. The various magnetic properties
,
,
rameter sets
, and
have been plotted as functions of ,
, and .
, (b)
Fig. 2 shows the hysteresis loops for (a)
, (c)
, and (d)
. For each value of ,
five different hysteresis loops are superposed, corresponding to
different values of . It is noted that as increases, the slopes
increases. Since greater implies
of the loops decrease but
greater dislocation density , one expects the increase in
.
This qualitatively is what is seen experimentally [1]. One also
notes that as increases, the slopes of the loops decrease and
increases. Since larger implies larger , again and hence
increases.
versus , (b)
Fig. 3 shows four plots, namely (a)
versus , (c)
versus , and (d)
versus . The most
and
are linearly dependent
significant point here is that
on . This is because
is linearly dependent on
, which
, which in turn is proportional to
is linearly related to
and
. Only nonlinear relationships exist between
and
, and between
and . In the case of
versus , there is
as changes.
actually only a small percentage of change in

This is really not too surprising, since all the loops have the
. In the case of differential permeability
versus
same
increasing tensile plastic deformation, we find that the differential permeability decreases with increasing deformation, which
is also found experimentally [18].
Fig. 4 shows two linear plots, similar to Fig. 3(a) and (b),
except that here the abscissa variable is the residual stress ,
which is proportional to , which is linearly dependent on ,
and
, as shown by the
which in turn is proportional to
plots. A nonlinear relationship is found between
and and
and , similar to what is seen in Fig. 3(c) and (d).
between
We shall not show these plots in order to conserve some space.
increases with residual stress,
Note that for this tension case,
whereas in the elastic case, [8], [9]
decreases with elastic
stress. The trends for residual stress and the trends for elastic
stress are just opposite.
Fig. 5 shows the various initial magnetization curves for the
for the various in cases of (a)
, (b)
same
, (c)
, and (d)
. Note that as increases,
the slope of the initial magnetization curve is less, just as is the
case for the hysteresis loops. With the elastic tensile stress [8],
[9], the opposite is again true, and for increasing elastic stress,
the slope of the initial magnetization curve increases. We thus
see once again that increasing residual stress leads to effects that
are opposite to increasing elastic stress.
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Plots of H and W
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V. RESULTS FOR COMPRESSIVE DEFORMATION
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In the case of compressive deformation, the signs for all of
the deformations become negative and the signs for all of the
stresses become negative. The figure corresponding to Fig. 1 is
the same as Fig. 1, except that it exhibits inversion symmetry
through origin. In (6), is again replaced by , but this time
is negative. The strain-hardening stress
is also negative,
but note that the square root of the dislocation density
is
related as in (2) to the magnitude of the strain-hardening stress.
Hence, from (6), as the strain-hardening stress becomes more
negative, the dislocation density becomes more positive and into always increase with
creases. Since that is so, one expects
and increasing
increasing plastic deformation magnitude
residual stress magnitude
. If one had only increasing elastic
would also be found to incompressive stress magnitude [8],
crease. Thus, for compressive stress, increasing residual stress
magnitude and increasing elastic stress magnitude produce sim.
ilar effects on
This is seen in the hysteresis plots in Fig. 6 for the various
cases of and the different . There, it is seen that indeed with
magnitude),
increasing magnitude (and hence increasing
increases just as in the positive
case. The slope of the
magnitude,
hysteresis loop also decreases with increasing
case.
just as in the positive
Fig. 7 shows the dependence of the initial magnetization
curves for various and in the compression case. Note that
the slopes of the initial magnetization curves decrease in the
compression case for increasing magnitude of and hence ,
just as in the elastic stress case.
and
Figs. 8 and 9 show that the linear dependences of
on
and
again occur. It is to be noticed in these figures,
however, that intercepts and slopes are not the same as in Figs. 3
and 4. Thus, tensile and compressive plastic deformation are not
and
plots are
symmetric in behavior. But even so, these
somewhat similar in appearance.

ening stress, and by including the magnetoelastic term in the
modeling, setting the stress in that term as the residual stress in
the case of zero applied stress. In comparing magnetic prop.
erties, we compare hysteresis loops all with the same
We find that
and
increase linearly with the deformation magnitude, expressed either as the plastic deformation
after yield or as the residual deformation
which exists after
can be reexapplied stress is brought back to zero. Since
pressed linearly in terms of the residual stress , it also foland
increase linearly with respect to . This
lows that
linear increase occurs either with respect to tensile or compressive deformation if expressed with respect to magnitudes, viz.
,
, or
. The increases for compressive and tensile deformation are not symmetric, in that slopes and intercepts are
different with respect to compressive deformation as compared
with tensile deformation. If one compares to elastic stress effects, it is found that increasing elastic tensile stress decreases
, whereas increasing plastic tensile stress increases . Also,
increasing elastic tensile stress increases the slope of the hysteresis loop and the initial magnetization curve, but increasing
plastic tensile stress decreases the slope of the hysteresis loop
and initial magnetization curve. In other words, the effects of
elastic and plastic tensile stress are opposite to each other. On
the other hand, elastic and plastic compressive stress magniand detudes display the same trends, namely increasing
creasing the slope of the hysteresis loop and initial magnetization curve. The reason for increasing tensile and compresis because
sive plastic stress magnitudes both increasing the
plastic deformation of either kind causes increased dislocation
density, which tends to dominate the magnetic behavior after
plastic deformation.
It was mentioned in the introduction that this was a first cut at
magnetic hysteresis modeling of the effect of plastic deformation. There does exist a paper which also suggested a magnetic
effect of the plastic deformation [19]. This paper noted an effect we did not consider, but did not treat the effects that we
have treated. In effect, the paper writes that the domain wall
. The
pinning constant should be of the form
paper states that stress should affect pinning, and notes that in
the case of steel and elastic stress, this means that coercivity

VI. CONCLUSION
We have modeled plastic deformation by including that the
dislocation density is related to the magnitude of the strain-hard-
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Fig. 9.

Plots of H and W

against compressive residual stress  , which is negative, for cases of different f and different  .
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will decrease with elastic stress increase, but the first term
depends on dislocation density and will increase under plastic
deformation, so producing an increase in . The paper actually
dealt with nickel, which has a negative magnetostriction, so that
, so producing
the stress-dependent term in would add to
(instead of decreasing) in the elastic region of
an increasing
under tension,
nickel. While that explained the variation in
it was not a comprehensive model. Nevertheless, it should be interesting to include this precursor model when looking at plastic
deformation in a dynamic way and considering cases of nonzero
applied stress, which is a project for yet another day.
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